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The Maldancena-Qi model describes two copies of the Sachdev-Ye-Kitaev model coupled with an additional
coupling, and is dual to the Jackiw-Teitelboim gravity which exhibits eternal traversable wormhole in the low-
temperature limit. In this work, we study the experimental consequence of the existence of the traversable
wormhole by considering the tunneling spectroscopy for the Maldancena-Qi model. Comparing to the high-
temperature black hole phase where the bulk geometry is disconnected, we find both the tunneling probability
and the differential conductance in the low-temperature wormhole phase show non-trivial oscillation, which
directly provides an unambiguous signature of the underlying S L(2) symmetry of the bulk geometry. We also
perform bulk calculations in both high and low-temperature phases, which match the results from the boundary
quantum theory.
Introduction. Understanding strongly correlated many-
body systems is one of the most important tasks in physics.
Many valuable insights have been gained from the hologra-
phy duality where some strongly interacting quantum system
is equivalent to a semi-classical gravity [1]. The Sachdev-
Ye-Kitaev (SYK) model [2–5], which describes N randomly
interacting Majorana zero modes, is one of the concrete exam-
ples where the holographic description exists. In the large-N
and low-temperature limit, the model becomes solvable with
emergent conformal symmetry, and the effective action de-
scribing the breaking of conformal symmetry matches that
of the Jackiw-Teitelboim gravity in two-dimensional nearly
anti-de Sitter (AdS2) spacetime [6]. Quantum simulation of
the SYK model has been performed in NMR systems [7] and
there are several other proposals for realizing the SYK model
in experiments [8, 9].
Later, several generalization of the SYK model have been
introduced to study different physics [10–15]. For general-
izations with U(1) symmetry [15, 16] including the tunneling
spectroscopy [17–19]. One interesting example is the cou-
pled SYK model introduced by Maldancena and Qi [20]. The
Maldancena-Qi (MQ) model consists of two copies (left/right)
of the original SYK model, with additional direct hopping be-
tween corresponding modes. Each copy of the SYK model
corresponding to a boundary of the AdS spacetime and, in the
low-temperature limit, a traversable wormhole [21, 22] be-
tween the left and the right boundary is formed. For higher
temperatures, the system transit into a disconnected geometry
with two black holes. In this framework, dynamical evolution
and equilibrium property are well studied in the works [23–
25]. Later, the model is generalized into the complex fermion
case with U(1) symmetry [26, 27] and is found to be related
to the large-M random spin models[28].
In this work, we would like to study the experimental con-
sequence of the eternal traversable wormhole in bulk from
the transport perspective. As in the conventional experimental
setup for measuring the tunneling current, we consider attach-
ing leads to each side of the complex MQ model, as shown
in Fig. 1. We then apply a voltage at the left lead and mea-
FIG. 1: Schematics of the setup where we couple each side of the
MQ model to a lead and measuring the tunneling current.
sure the current through the right lead. Intuitively, when the
MQ model is in the wormhole phase, an electron in the left
lead dives into the traversable wormhole and will appear in
the right lead, leading to large tunneling probability when the
energy matches the intrinsic modes of the AdS2 spacetime.
On the other hand, if the MQ model is in the black hole phase,
the correlation between two sides becomes significantly small,
and so is the tunneling probability. We would show that this
intuition is indeed consistent with detailed calculations on ei-
ther the quantum side or the gravity side, and the tunneling
spectroscopy provides an unambiguous signature of the bulk
geometry.
Model. We consider coupling each side of the complex
MQ model to a different lead described by non-interacting
fermions. The Hamiltonian is
Hˆ = HˆMQ + HˆLead +
∑
i,p
(
λicˆ
†
L,iψˆL,p + λicˆ
†
R,iψˆR,p + H.C.
)
, (1)
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2where HˆMQ and HˆLead read
HˆMQ =
∑
i< j;k<l
Ji j,kl
(
cˆ†L,icˆ
†
L, jcˆL,kcˆL,l + cˆ
†
R,icˆ
†
R, jcˆR,kcˆR,l
)
+ µ
(
cˆ†L,icˆR,i + cˆ
†
R,icˆL,i
)
,
HˆLead =
∑
p
p
(
ψˆ†L,pψˆL,p + ψˆ
†
R,pψˆR,p
)
.
(2)
Here i, j, k, l = 1, 2...N. cˆL/R,i is the annihilation operator in
the left/right copy of the SYK model, where two copies are
coupled by µ [31]. ψˆL/R,p describes fermions in the left/right
lead with momentum p with a gapless dispersion p. Note that
the number of modes in leads does not scales with N. Ji jkl,
and λi are independent random Gaussian variables with zero
expectation value and
|Ji jkl|2 = 2J
2
N3
, |λi|2 = λ
2
Nl
. (3)
Here l is the size of the lead.
We first consider the total system in thermal equilibrium
at inverse temperature β. Since the leads only contain O(1)
modes, to the leading order of 1/N, the two-point function
of the MQ model is not modified by a finite λ. Conse-
quently, the system still contains two different phases. In the
low-temperature limit, the MQ model is dual to an eternal
traversable wormhole, where two copies of the SYK model
are connected through a holographic bulk. At higher tempera-
tures, the system turns into a two black holes phase where two
boundaries become disconnected geometrically.
We then analyze modes in the leads. Without the coupling
to the SYK dots, the left and the right leads are decoupled.
When λ is turned on, the fermion can tunnel from the left lead
to the right lead through the MQ model. Explicitly, we define
the retarded Green’s function GRO(t) ≡ −iθ(t)
〈[
Oˆ(t), Oˆ†(0)
]〉
,
and focus on the local fermion modes ψˆα =
∑
p ψˆα,p/
√
l with
α = L/R that couple to the MQ model. Taking into account the
self-energy from the MQ model, the Schwinger-Dyson equa-
tion of ψ reads(
GRψ(ω)
−1)
αβ
=
(
GR,0ψ (ω)
−1)
αβ
− λ2GRc (ω)αβ. (4)
Here GRc (ω)αβ is the retarded Green’s function of the MQ
model (αβ component). GR,0ψ (ω)αβ = −ipiρ0δαβ is the bare
Green’s function of leads, with ρ0 being the density of states.
Other real-time Green’s functions GAψ , G
K
ψ are then deter-
mined by GAψ (ω) = G
R
ψ(ω)
† and the fluctuation-dissipation
theorem:
GKψ (ω)eq =
(
GRψ(ω) −GAψ (ω)
)
Fβ(ω), (5)
where Fβ(ω) = 1 − 2 f Fβ (ω) = tanh(βω/2), with f Fβ (ω) being
the Fermi-Dirac distribution function.
Tunneling Spectroscopy. Now we consider the non-thermal
equilibrium problem of calculating the tunneling current. The
charge of the right lead is defined as QˆR =
∑
p ψˆ
†
R,pψˆR,p. Con-
sequently, the current flows from the right SYK model to the
right lead reads
JˆR = i[Hˆ, QˆR] = i
∑
i,p
(λicˆ
†
R,iψˆR,p − λ∗i ψˆ†R,pcˆR,i). (6)
When the full system is in thermal equilibrium, the current
vanishes. We are interested in the tuning the chemical poten-
tial V and the inverse temperature βL of the left lead while
fixing all other parts of the system to V = 0 and β. Measuring〈
JˆR
〉
then detects how many particles from the left lead can
tunnel through the MQ model.
The calculation of tunneling current can be analyzed us-
ing the Schwinger-Keldysh formalism. The contours of such
path-integral method contain a forward and a backward evo-
lution with fermionic field cα,i,± and ψα,p,±. After the Keldysh
rotation
cα,i,1 / 2 = cα,i,+ ± cα,i,−, cα,i,1 / 2 = cα,i,+ ∓ cα,i,−,
and similarly for ψα,p,±, the Green’s function GO(ω)abαβ be-
comes 4 × 4 matrices with both α, β = L/R and a, b = 1 / 2
label. Explicitly, in 1 / 2 space we have
Gψ(ω)αβ =
(
GRψ(ω)αβ G
K
ψ (ω)αβ
0 GAψ (ω)αβ
)
, (7)
and similarly for Gc(ω)αβ. As in Eq. (4), the Schwinger-
Dyson equation for Gψ(ω) now reads:(
Gψ(ω)−1
)ab
αβ
=
(
G0ψ(ω)
−1)ab
αβ
− λ2 (Gc(ω))abαβ . (8)
Similar to the equilibrium case, Gc is the equilibrium real-
time Green’s function of MQ model, which satisfies the
fluctuation-dissipation theorem Eq. (5) at β without additional
chemical potential. On the contrary, Gψ does not satisfy the
fluctuation-dissipation theorem since the left lead is at differ-
ent temperature and chemical potential. But we should have
some relations for the bare Green’s function of leads
GK ,0ψ (ω)LL = −2piiρ0FβL (ω − V),
GK ,0ψ (ω)RR = −2piiρ0Fβ(ω).
(9)
Then the classical component of the tunneling current
〈JR〉 =
〈(
J+R + J
−
R
)
/2
〉
can be computed to the leading order
of 1/N. Diagrammatically, we have
2 〈JR〉 =
∑
p
i, ω
p, ω
+
∑
p,q
i, ω
j, ω
p, ω q, ω
+ ...
− (Reverse all arrows).
(10)
Here the dashed line represents ψ fields and the solid line rep-
resents c fields. Summing up all diagrams gives
〈JR〉 = λ
2
2
∫
dω
2pi
tr
[
Gc (PR ⊗ σx)Gψ − Gψ (PR ⊗ σx)Gc
]
.
(11)
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FIG. 2: (a). The tunneling probability and (b). the differential
conductance in the wormhole phase for Γ/J = 2/5, βJ = 30 and
t′/J = 0.943 (corresponding to µ/J = 0.1). Both quantities show
peaks at ωn.
Here the trace is taken in both L/R and 1 / 2 space. PR is the
projector into the R space and σx is in the Pauli matrix in the
1 / 2 space. Using the explicit formula for Gc and Gψ, we find
〈JR〉 =
∫
dω
2pi
|T (ω)|2
(
f FβL (ω − V) − f Fβ (ω)
)
, (12)
with
|T (ω)|2 =
∣∣∣∣∣∣ 2Γ(GRc )LR(Γ(GRc )LL − Γ(GRc )LR − i)(Γ(GRc )LL + Γ(GRc )LR − i)
∣∣∣∣∣∣2 .
(13)
Here we have defined Γ = piρ0λ2. |T (ω)|2 can be understood
as the tunneling probability from the left lead to the right lead.
Explicitly, the tunneling current is zero if there is no left-right
correlation in the MQ model. This is the central result of this
work. In the following sections, we analyze the tunneling cur-
rent in different phases, focusing on the βL = β case. One
could also derive a similar formula for the energy current with
an additional factor of ω [18].
Wormhole Phase. We firstly consider the system in the
low-temperature limit and focus on small µ/J. Holographi-
cally, the MQ model is dual to the eternal traversable worm-
hole geometry in the global AdS2 spacetime with a metric
ds2 =
−dt2g+dx2
sin2 x
. The left/right copy of the SYK model lies on
the boundaries near x = 0 or x = pi. This indicates that both
the diagonal and off-diagonal component of Green’s functions
are conformal [20]. At zero temperature, after Fourier trans-
form, we find
GRc,WH(ω)αα = −
2pi5/4 sin (piω˜) sec (2piω˜)√
Jt′D3/4(ω˜)
,
GRc,WH(ω)αα¯ = −
D1/4(ω˜)√
2pi3/4
√
Jt′
.
(14)
Here α , α¯ and we have definedDu(x) = Γ(u− x)Γ(u+ x) and
ω˜ ≡ ω/t′ for conciseness. t′ is an additional parameter which
is proportional to J1/3µ2/3, and it also relates to the global time
tg and the boundary time t, as tg = t′t, The pole of GRc (ω) lies
at |ω| = ωn ≡ t′(1/4 + n) with n = 0, 1, 2... This specific
form of the spectral is fixed by the S L(2) symmetry of the
AdS2 space-time. At low but finite temperatures, there is only
exponentially small correction for (14).
The full expression for tunneling probability |T (ω)|2 can
then be derived as:
|T (ω)|2 = 8
4pi5/2Γ2
Jt′D3/4(ω˜)2 +
Jt′ cos2(2piω˜)D3/4(ω˜)2
pi5/2Γ2
− 4 cos (2piω˜) + 8
.
(15)
We plot |T (ω)|2 in Fig. 2(a). When the energy of the ingoing
fermion is close to ωn, the particle could tunnel through the
MQ model resonantly, and then emerge from the right lead
with large probability. As a result, |T (ω)|2 shows peaks at
ωn, as well as the differential conductance dJR/dV which is
plotted in Fig. 2(b). This shows that the tunneling current
is a direct probe of the eternal traversable wormhole and the
underlying S L(2) symmetry.
Black hole Phase. If we increase the temperature T & µ,
there is a first-order transition in the MQ model after which
the system gets into the black hole phase where each side lives
on the boundary of a separate Rindler spacetime with ds2 =
−r(r−2)dt2R+dr2/r(r−2). This is an analogy of the Hawking-
Page transition in higher dimensions. In the black hole phase,
the left and right SYK model are disconnected geometrically.
Adding the quantum correlation propotional to µ, we could
approximate
GRc,BH(ω)αα = −i
√
β/J√
2pi1/4
Γ
(
1
4 − iωβ2pi
)
Γ
(
3
4 − iωβ2pi
) , (16)
and GRc,BH(ω)αα¯ = µ(G
R
c,BH(ω)αα)
2. Here we have kept to the
O(µ) order and assume βJ  1. We could then expand |T (ω)|2
to the O(µ2) order and obtain
|T (ω)|2 = 4µ
2/Γ2∣∣∣∣∣1 + √ 2Jpi1/2βΓ2 Γ( 34−i ωβ2pi )Γ( 14−i ωβ2pi )
∣∣∣∣∣4 . (17)
Different from the wormhole phase, the spectral function is
now a single peak near ω ∼ 0. We expect similar behavior
for the tunneling probability, as verified in Fig. 3(a). We also
plot dJR/dV in Fig. 3(b), which, in contrast with the worm-
hole phase, shows no oscillating behavior and the magnitude
is much smaller.
Holographic Picture. Now we would like to analyze the
problem from a bulk perspective. To have a simple holo-
graphic picture, we now choose a specific dispersion p. We
assume that each lead can be described as a half-infinite line
with both massless left-moving and right-moving Dirac fields
living on a flat space-time. We would show that a gravity cal-
culation could reproduce previous results.
We first focus on the wormhole phase where the correlation
between the left and the right system is from a non-trivial bulk
geometry. The MQ model in the wormhole phase is equivalent
to a fermionic field in the global AdS2 space-time with scaling
dimension ∆ = 1/4, which has the mass m = 1/2−∆. Putting
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FIG. 3: (a). The tunneling probability and (b). the differential con-
ductance in the blackhole phase for Γ/J = 2/5 and βJ = 5.
FIG. 4: The gravity picture for the tunneling probability in the (a).
wormhole geometry and (b). black hole geometry. Here the colored
region in (a) corresponds to the AdS2 spacetime, and the colored re-
gion in (b) corresponds to two copies of disconnected Rindler space-
time.
all ingredients together, we consider the following action of
bulk Dirac fermions
SWHbulk =
∫ √−gdxdtg (iΨ /DΨ − m(x)ΨΨ) , (18)
where /D is the covariant derivative of spinors on curved space-
time. The metric ds2 = (−dt2g + dx2)/ζ2(x) and the mass m(x)
depend on the spatial coordinate as
(ζ(x),m(x)) =
 (, 0) x ∈ (−∞, ) ∪ (pi − ,∞),(sin x, 1/4) x ∈ (, pi − ). (19)
Here  is a cutoff where we glue different geometries and it
should be related to Γ. We also assume that   1 and ne-
glected higher orders of . As we would see, this corresponds
to a large coupling λ in the original model. Note that we have
assumed a solid background of AdS2 geometry for the MQ
model, this a direct consequence of having small number of
probe fields. When the external field contains O(N) degree
of freedom, there would be back-reaction which changes the
AdS2 geometry.
The tunneling probability |T (ω)|2 now corresponds to a
scattering problem in gravity theory. In the x <  region,
we consider an ingoing right-moving fermion Ψ+ = eiωx with
momentum ω, which can be scattered backwards at x =  and
x = pi −  to produce non-vanishing left-moving component
Ψ− for x < pi− . However, in the x > pi−  region, only right-
moving component Ψ+ = Tbulk(ω)eiωx exists. In both region,
the Dirac equation can be solved analytically and |Tbulk(ω)|2
can then be computed analytically by the continuous condition
of the wave function. Leaving the detailed calculation into the
supplementary material, we find |Tbulk(ω)|2 becomes exactly
the same as (15) once we identify  = Jt′D3/4(0)2/pi5/2Γ2 and
recall that in the bulk calculation we are measuring energy
with respect to tg, which differs from boundary energy t by a
factor of t′.
We then consider the bulk calculation in the black hole
phase. Geometrically, the left and the right system is decou-
pled and each side of the MQ model can be replaced by a mas-
sive Dirac fermion in the Rindler spacetime. The bulk action
then reads
S BHbulk =
∑
α=L/R
∫ √−gdrdtR (iΨα /DΨα − m(r)ΨαΨα) , (20)
with ds2 = −dt2R/ζ2(r) + ζ2(r)dr2 and m(r) being
(ζ(r),m(r)) =
 (˜, 0) r ∈ (1/˜,∞),(1/√r(r − 2), 1/4) r ∈ (2, 1/˜). (21)
Here boundary I : r = 2 is the location of the horizon, and the
Rindler spacetime is connected to the flat spacetime at bound-
ary II : r = 1/˜, where r is not essentially the same as 1/.
The boundary time t is related to tR as t = βtR/2pi. Up to now,
the left and right copy are still decoupled. To have a non-
vanishing contribution, we further need to add the coupling
between the boundary II in different copies
∆S BHbulk ∼ ν
∫ √−γdtR (ΨBLΨBR + H.C.) (22)
Here ΨBα is the corresponding boundary operator and γ is the
reduced metric on the boundary. Coupling constant ν should
be proportional to µ.
The tunneling probability can now be determined perturba-
tively. When ν = 0, by imposing the infalling boundary con-
dition near the horizon, we could compute an ingoing Dirac
fermion in the left lead scattered by the left black hole. Addi-
tionally, the effect of non-zero ν is then to introduce a source
term in the right boundary, whose strength is proportional to
ν
〈
ΨbL
〉
. Again, by requiring that in the right copy of the sys-
tem, the infalling boundary condition near the boundary I is
still valid, and only outgoing mode exists in the boundary
II, one could derive |Tbulk(ω)|2 in the black hole phase (see
supplementary material). By identifying ν = µ/
(
Γ
√
˜
)
and
5˜ = 4
√
piJΓ
(
3
4
)2
/
(
βΓ2Γ
(
1
4
)2)
, we find |Tbulk(ω)|2 matches the
result(Eq. (17)) in the quantum side exactly.
Conclusion. We consider the tunneling spectroscopy for the
MQ model by coupling each side to a different lead. In the
low-temperature wormhole phase, both the tunneling prob-
ability |T (ω)|2 and the differential conductance dJR(V)/dV
show peaks at |ω| = t′(1/4 + n), which is fixed by the S L(2)
symmetry. In the high-temperature black hole phase, there is
only a single peak near ω = 0. We further give a holographic
picture in both phases and find an exact match for the calcula-
tion between the gravity side and the quantum side.
There are several extensions of the current work. One could
consider adding chemical potential to the complex version of
the MQ model, which should be dual to adding gauge fields
in the bulk. It is also interesting to consider a large number of
modes in the leads, and then there would be non-trivial back-
reaction for the AdS2 background and the problem should be
solved self-consistently. We defer these to further studies.
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HOLOGRAPHIC CALCULATION FOR THE TUNNELING PROBABILITY
In this part, we provide a detailed analysis of the tunneling probability |Tbulk(ω)|2 from the perspective of the holographic
picture.
Wormhole Phase
After adopting the setting in the main text, we start from action Eq. (18) and write down its equation of motion in the AdS2
spacetime, in terms of left-moving and right-moving component Ψ = (ψ−, ψ+):
i(∂tg + ∂x)ψ+(tg, x) = −mψ−(tg, x) csc(x),
i(∂tg − ∂x)ψ−(tg, x) = −mψ+(tg, x) csc(x).
(S1)
Specifically, left-moving is defined as the direction x decreases and vice versa. After performing Fourier transform on the global
time tg and get the corresponding frequency ω, the equation becomes
ωψ+(ω, x) + i∂xψ+(ω, x) = −mψ−(ω, x) csc(x),
ωψ−(ω, x) − i∂xψ−(ω, x) = −mψ+(ω, x) csc(x). (S2)
Next we will abbreviate ψ−/+(ω, x) as ψ−/+(x) for simplicity. This set of differential equations can be analytically solved. By
introducing new variable ψ1(x) = ψ+(x) + iψ−(x), ψ2(x) = ψ+(x) − iψ−(x), the solution of (S2) reads [3]
ψ1(x) =
(1 + cos(x))
1
4− m2√
sin(x)
[
C1(1 − cos(x)) 14 + m2 2F1
(
−ω,ω;m + 1
2
; sin2
( x
2
))
+C2
i2
1
2 +mω
1 − 2m (1 − cos(x))
3
4− m2 2F1
(
−m − ω + 1
2
,−m + ω + 1
2
;
3
2
− m; sin2
( x
2
)) ]
,
ψ2(x) =
(1 + cos(x))
1
4 +
m
2√
sin(x)
[
C1(1 − cos(x)) 14− m2 2F1
(
−ω,ω; 1
2
− m; sin2
( x
2
))
+C2
i2
1
2−mω
1 + 2m
(1 − cos(x)) 34 + m2 2F1
(
1
2
+ m − ω, 1
2
+ m + ω;
3
2
+ m; sin2
( x
2
)) ]
,
(S3)
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S2
where C1 and C2 are two constant that can be determined by several boundary conditions. Afterwards we set m = 1/4 for the
SYK4 case. Then the series expansion of the fields around x = 0 and x = pi give two asymptotic forms respectively:
ψL1 (x) = 2
−1/4C1x1/4, ψL2 (x) = 2
1/4C2x−1/4 x→ 0 (S4)
ψR1 (x) =
23/4pi
(pi − x)1/4
 C1Γ
(
3
4
)
Γ
(
1
4
)
D3/4(ω)
+
iC2ω
D1(ω)
 , ψR2 (x) = 21/4pi(pi − x)1/4
 C2Γ
(
1
4
)
Γ
(
3
4
)
D1/4(ω)
+
iC1ω
D1(ω)
 x→ pi (S5)
Here Du(x) ≡ Γ(u − x)Γ(u + x) is also defined in the main text. L/R represents that the solutions are expanded around x = 0 or
x = pi.
As discussed in the main text, we have the following settings. In the x <  region, we consider a ingoing right-moving
fermion ψ+(x) = eiωx with momentum ω, and a reflected left-moving fermion ψ−(x) ∼ e−iωx. In the x > pi −  region, only
right-moving component ψ+(x) = Tbulk(ω)eiωx exists but left-moving component vanishes instead. Next we will impose the
continuous conditions between the central AdS2 spacetime and the left or right flat spacetime.
To begin with, according to the continuous condition of the left-moving component at the right boundary x = pi− , it leads to
the constraint ψR−(pi − ) = (ψR1 (pi − ) − ψR2 (pi − ))/(2i) = 0(see Eq. (S5)), and finally could be simplified as
C1
C2
=
√
2
(
D3/4(0) cos(2piω)D1/4(ω) − 2ipi2 √ sin(piω)
)
√
D1/4(0) cos(2piω)D3/4(ω) − 4ipi2 sin(piω)
(S6)
Moreover, the continuous conditions of the right-moving component at the left or right boundary give that
eiω = ψL+() =
(
ψL1 () + ψ
L
2 ()
)
/2, Tbulk(ω)eiω(pi−) = ψR+(pi − ) =
(
ψR1 (pi − ) + ψR2 (pi − )
)
/2.
These two equations can determine the tunneling probability |Tbulk(ω)|2.
|Tbulk(ω)|2 =
∣∣∣∣∣∣eiω(2−pi)ψR1 (pi − ) + ψR2 (pi − )ψL1 () + ψL2 ()
∣∣∣∣∣∣
2
=
8
4D3/4(0)2
D3/4(ω)2 +
 cos2(2piω)D3/4(ω)2
D3/4(0)2 − 4 cos(2piω) + 8
(S7)
It is equivalent to result that we obtain in Eq. (15), with the substitution  = Jt′D3/4(0)2/pi5/2Γ2. The holographic calculation
can reproduce the result from Keldysh formulism for the boundary quantum system.
Black Hole Phase
Similarly, we can perform the bulk calculation in the black hole phase. With the setting in the main text, we start from action
Eq. (20) and first write down the Dirac equation of the two component fields
(
ψα+(tR, r), ψ
α−(tR, r)
)
−∂tRψ
α−(tR, r)√
r(r − 2) +
√
r(r − 2)∂rψα−(tR, r) +
r − 1
2
√
r(r − 2)ψ
α
−(tR, r) + mψ
α
+(tR, r) = 0.
∂tRψ
α
+(tR, r)√
r(r − 2) +
√
r(r − 2)∂rψα+(tR, r) +
r − 1
2
√
r(r − 2)ψ
α
+(tR, r) + mψ
α
−(tR, r) = 0,
(S8)
Here α = L/R denotes left and right copies of the geometry. The bulk wave function moving to the direction that r increases
is labeled by ψα+(tR, r), and vice versa. Then we perform Fourier transform on the Rindler time tR and get the corresponding
frequency ω. The equation becomes
iωψα−(r)√
r(r − 2) +
√
r(r − 2)∂rψα−(r) +
r − 1
2
√
r(r − 2)ψ
α
−(r) + mψ
α
+(r) = 0.
− iωψ
α
+(r)√
r(r − 2) +
√
r(r − 2)∂rψα+(r) +
r − 1
2
√
r(r − 2)ψ
α
+(r) + mψ
α
−(r) = 0,
(S9)
S3
Here we also abbreviate ψα−/+(ω, r) as ψ
α
−/+(r). The solutions of these differential equations have the form [1]
ψα−(r) =
(
Cα1
2m
(
1
r
)m
Γ(m + 1)
(
1 − 2r
)− iω2
Γ
(
m + iω + 12
)
2F1
(
m,m − iω + 12 ; 2m + 1; 2r
)
(r2 − 2r)1/4Γ(2m + 1)Γ
(
iω + 12
)
+Cα2
2−m
(
1
r
)−m
Γ(1 − m)
(
1 − 2r
)− iω2
Γ
(
−m + iω + 12
)
2F1
(
−m,−m − iω + 12 ; 1 − 2m; 2r
)
(r2 − 2r)1/4Γ(1 − 2m)Γ
(
iω + 12
) )
ψα+(r) =
(
Cα1
2m
(
1
r
)m
Γ(m + 1)
(
1 − 2r
) iω
2
Γ
(
m + iω + 12
)
2F1
(
m,m + iω + 12 ; 2m + 1;
2
r
)
(r2 − 2r)1/4Γ(2m + 1)Γ
(
iω + 12
)
−Cα2
2−m
(
1
r
)−m
Γ(1 − m)
(
1 − 2r
) iω
2
Γ
(
−m + iω + 12
)
2F1
(
−m,−m + iω + 12 ; 1 − 2m; 2r
)
(r2 − 2r)1/4Γ(1 − 2m)Γ
(
iω + 12
) )
(S10)
According to the Fig. 4(B) in the main text, we firstly use the boundary conditions in the horizon r = 2 for both left and right
geometry. Series expansion of Eq. (S10) around r = 2 leads to the result
ψI,α− (r) = (C
α
1 +C
α
2 )
2−
1
4 +
iω
2 pi(r − 2)− 14− iω2 csc
(
pi
(
1
2 + iω
))
Γ
(
1
2 − iω
)
Γ
(
iω + 12
) ,
ψI,α+ (r) =
(
Cα1
2−
1
4− iω2 pi(r − 2)− 14 + iω2 csc
(
pi
(
1
2 − iω
))
Γ
(
iω + 34
)
Γ
(
3
4 − iω
)
Γ
(
iω + 12
)2 −
Cα2
2−
1
4− iω2 pi(r − 2)− 14 + iω2 csc
(
pi
(
1
2 − iω
))
Γ
(
iω + 14
)
Γ
(
1
4 − iω
)
Γ
(
iω + 12
)2 ).
(S11)
Here we use label I to represent the result near the horizon r = 2, as we shown in the Fig. 4(B). The infalling boundary condition
now reads ψI,α+ (2 + (0+)) = 0. This determines
Cα1
Cα2
=
Γ
(
3
4 − iω
)
Γ
(
iω + 14
)
Γ
(
1
4 − iω
)
Γ
(
iω + 34
) (S12)
Then we can also expand the fields(Eq. (S10)) around r = ∞, which gives,
ψII,α− (r) = r
−3/4 2
5/4Cα1Γ
(
5
4
)
Γ
(
iω + 34
)
√
piΓ
(
iω + 12
) + r−1/4Cα2Γ ( 34 )Γ (iω + 14 )
21/4
√
piΓ
(
iω + 12
) ,
ψII,α+ (r) = r
−3/4 2
5/4Cα1Γ
(
5
4
)
Γ
(
iω + 34
)
√
piΓ
(
iω + 12
) − r−1/4Cα2Γ ( 34 )Γ (iω + 14 )
21/4
√
piΓ
(
iω + 12
) (S13)
Likewise, we use the label II for the result expanded near r = ∞. Note that near r = ∞, the direction that particles incidence
from the flat spacetime, is the same as the one when coordinate r decreases in the bulk Rindler spacetime. Similar to the case of
wormhole phase, we obtain one of the continuous condition
ψ+(1/˜) = ψII,L− (1/˜), (S14)
with the ratio CL1/C
L
2 calculated in Eq. (S12). Then we could determine the wave function of particles ψ+(1/˜) in flat spacetime.
With the metric ds2 = −dt2R/˜2 + ˜2dr2, one component of the Dirac function reads that(
−˜2∂2tR + ∂2r/˜2
)
ψ+(tR, r) = 0 (S15)
With the plane wave ansatz ψ+(tR, r) = exp (ikr − iωtR), we obtain k = ω˜2. Eventually the time independent component of the
Dirac field ψ+(tR, 1/˜) is reduced to
ψ+(1/˜) = eiω˜ (S16)
S4
Put Eq. (S14), (S16) together, and then we have the continuous condition on the boundary II of the left copy.
Next we could directly evaluate the wave function of the outgoing particle that leaves the right copy, using the continuous
condition described as follows. Before that, we first introduce the holographic dictionary which is useful in our work [2]. In the
Rindler spacetime, the bulk field (ψ+(r), ψ−(r)) can be solved and series expanded as r → ∞, which takes the form [2](
ψII,α+ (r), ψ
II,α
− (r)
)
= ψII,α(0) (1, 1) r
−3/4 + ψII,α(1) (1,−1) r−1/4 + · · · (S17)
It is known that ψII,α(0) corresponds to the source term and ψ
II,α
(1) corresponds to the expectation value of the boundary operator〈O(r)〉.
Back to our case, from Eq. (S13), we obtain that the expectation value of fields on the boundary II, at the left copy
ψII,L(1) = −
CL2Γ
(
3
4
)
Γ
(
iω + 14
)
21/4
√
piΓ
(
iω + 12
) (S18)
This contributes to a source term δψII,R(0) on the boundary II of the right copy, with δψ
II,R
(0) = νψ
II,L
(1) . Here we take this as the definition
of ν to avoid additional numerical factors. Consequently, we can determine two continuous conditions at the right copy, including
the contributions of the coupling source term. First, the absence of the ingoing wave ensures that (1/˜)−3/4δψII,R(0) +ψ
II,R
− (1/˜) = 0.
This condition could be written explicitly:
23/2Γ( 54 )Γ(iω +
3
4 )
Γ( 34 )Γ(iω +
1
4 )
CR1 + (˜)
−1/2CR2 − νCL2 = 0. (S19)
Second, the outgoing wave can be similarly calculated as Tbulk(ω)e−iω˜ = (1/˜)−3/4δψII,R(0) + ψ
II,R
+ (1/˜). Finally we could obtain
the tunneling probability with Eq. (S12), (S13), (S14), (S19)
|Tbulk|2 =
∣∣∣∣∣∣∣ (1/˜)
−3/4δψII,R(0) + ψ
II,R
+ (1/˜)
ψII,L− (1/˜)
∣∣∣∣∣∣∣
2
=
4ν2˜∣∣∣∣∣1 + √˜Γ( 14 )Γ( 34−iω)√2Γ( 34 )Γ( 14−iω)
∣∣∣∣∣4
(S20)
By identifying ν = µ/
(
Γ
√
˜
)
and ˜ = 4
√
piJΓ
(
3
4
)2
/
(
βΓ2Γ
(
1
4
)2)
, we find |Tbulk(ω)|2 matches the calculation in the quantum
side(Eq. (17)) exactly.
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